We propose a Gilbert-Varshamov-type existential bound for the relative dimension length profile and the relative generalized Hamming weight of nested pairs of linear codes.
Introduction
Luo et al. [1] introduced the relative dimension length profile (RDLP) of a nested pair C 1 ⊃ C 2 of linear codes with length n over the finite field F q with q elements. Recently Kurihara et al. [2] reported that the RDLP is convenient to evaluate the security of the linear secret sharing constructed from C 1 ⊃ C 2 in the following sense: When an adversary has d out of n shares, the worst-case amount of the information leaked to the adversary from the d shares is the d-th RDLP × log 2 q bits.
This relation between the security of secret sharing and the RDLP implies that smaller RDLP provides higher security. Thus, it is important to clarify how small we can make the RDLP for a given set of code parameters, namely, the code length n, k 1 = dim C 1 and k 2 = dim C 2 . In this letter we shall provide such an evaluation as Theorem 1.
Main results
The d-th RDLP is defined as [1] 
for a subset I of the index set {1, . . . , n}. Then we have the following theorem guaranteeing the existence of a nested code pair C 1 ⊃ C 2 with a specific value of the RDLP, whose proof is similar to the famous Gilbert-Varshamov bound of linear codes.
Theorem 1 For integers a, u, v, w, define
There exists a nested pair
Proof is given in Appendix A..
The relative generalized Hamming weight (RGHW) is the dual quantity of the RDLP and has the following property. On the other hand, for a fixed V , the number of choices of { x 0 , . . . , x v−1 } is equal to the denominator of N 2 (w, u, v) [5] , which proves the lemma. is N 1 (u, a) .
Proposition 2 For a nested pair
C 2 ⊂ C 1 ⊂ F n q of linear codes with k 1 = dim C 1 and k 2 = dim C 2 and 1 ≤ j ≤ k 1 − k 2 , the j-th RGHW is defined as [1] M j (C 1 , C 2 ) = min I⊆{1,...,n} {dim V I | dim C 1 ∩ V I − dim C 2 ∩ V I ≥ j}. Then we have [1] M j (C 1 , C 2 ) = d ⇔ K d (C 1 , C 2 ) = j, M j (C 1 , C 2 ) is nondecreasing in j, and K d (C 1 , C 2 ) is nondecreasing in d.
Corollary 3 There exists a nested pair
C 2 ⊂ C 1 ⊂ F n q of linear codes with dim C 1 = k 1 and dim C 2 = k 2 such that M j (C 1 , C 2 ) ≥ d if Eq. (4) holds.
Lemma 8 Let
For a fixed V 0 , choosing V ⊃ V 0 is equivalent to choosing a linear subspace V of the factor space W/V 0 such that V ∩ (U + V 0 ) = {0}. The number of such V is N 2 (w − a, u − a, v − a) by Lemma 7. Thus the lemma follows. d} and a fixed I ⊂ {1, . . . , n} with |I| = d, the number of nested pairs of linear codes is N 1 (d, a) by Lemma 5. There is one-to-one correspondence between C 2 such that C 2 ⊃ A and C 2 ∩ V I = A and a (k 2 − a)-dimensional subspace of F n q /A whose intersection to V I + A is {0}. Thus, by using Lemma 7 with W = F n q /A, U = V I + A and V = C 2 + A, for fixed A and V I the number of C 2 such that C 2 ⊃ A and is N 2 (n − a, d − a, k 2 − a) .
Lemma 9 For
By using Lemma 4 with U = C 1 ∩ V I and V = C 2 we have
There is one-to-one correspondence between C 1 such that C 1 ⊃ C 2 and dim C 1 ∩ V I − dim C 2 ∩ V I = κ and a subspaces of F n q /C 2 whose intersection to V I + C 2 has dimension κ by Eq. (A.1). Therefore, for fixed V I , C 2 and κ, by using Lemma 8 with
Since a can be any integer between 0 and min{d − κ, k 1 − κ, k 2 }, the lemma follows. Proof of Theorem 1. For a fixed I ⊂ {1, . . . , n} with |I| = d, the number of nested pairs
by Lemma 9. The number of pairs C 2 ⊂ C 1 with dim C 1 ∩ V I − dim C 2 ∩ V I ≥ j + 1 for some I of size d is at most n d
because the number of sets I of size d is 
